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Abstract 

We introduce classes of measures in the half-space R" +1 , generated by 
Riesz, or Bessel, or Besov capacities in R™, and give a geometric charac- 
terization as Carleson-type measures. 



1 Introduction 



Recall that a Carleson measure is a positive Borel measure fi on the upper 



half-space R" +1 = R n x (0, oo) satisfying 



fi(TB)<C\B\ (1.1) 

for some constant C < oo and all balls B in R™. Here \B\ is the n-dimensional 
Lebesgue measure of B and TB is the "tent" over B: 

TB = {(x, t):xeB,t< dist(af, OB)}. 

Note that in condition (|l.lfl . the balls may be replaced by cubes. From this, 
using a Whitney decomposition and the additivity of Lebesgue measure, we can 
replace balls by any open sets (see ^5], Chapter II, Section 2.3.2). 

A positive Borel measure [i on the upper half-space R" +1 is called a (3- 
Carleson measure if 

fi(T(B)) < C\Bf (1.2) 

for some constant C < oo and all balls B. We denote the class of such measures 
by C@. These classes were considered in [S], ^T] 

When (3 > 1, we can again replace balls by open sets since we have 

J2\B k f<(J2\B k \f. 
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However, in the case /3 < 1, the condition on open sets is stronger. For 
example, in the upper-half plane, consider the measure 

fe=l 

where dp denotes the unit mass at point P. Then n{T(I)) < C\lf for every 
interval I but one can construct open sets Ok = U/fc with 

i^i = Ei4i-Eii^^ c < 00 
fc=i fc=i 

and 

K 1 

M (T(Ok))«^^-oo. 
fe=i 

The spaces y 3 of measures satisfying the condition (|1.2I) for all bounded open 
sets were considered in [5], 0], OT-P^l- 

We are interested in whether we can modify (|1.2|l so as to give a condition on 
open sets which is equivalent to the /?-Carleson condition on balls. An example 
of such a result is the following: 

Lemma 1.1 (DX) For < < 1, fi £ C 3 «/ and on/y i/ £/iere exists C < oo 
such that for every open set O C R", 

»(TO)<CAlf(0). 

Here Aj°° } , 0<d< n, is d-dimensional Hausdorff capacity, defined (see pQ) for 
a set £ C R" by 

A^(£)=inf£rf, 

where the infimum is taken over all countable covers E C (J ■ , with each 
a ball of radius rj. 

This paper is concerned with investigating and showing that there exist 
similar relationships between Carleson-type measures and classes of measures 
generated by capacities. In addition to Hausdorff capacity, we consider classes 
of positive measures on the half-space generated by Riesz, Bessel, or Besov 
capacities. 

For < a < n, 1 < p < n/a denote by hp(R n ) the Riesz potential spaces, 
defined by the Riesz potentials, R a , 

(R a g)(x) = c(a,n) [ \x - y\ a ~ n g(y)dy, 

where c(a,n) is a certain positive constant (see as follows: 

K :={f:f^R a g,geLP} : 
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with a norm 

ll/IU? := \\9\\z*- 

Here L p is the Lebesgue space on R n . 

For any open set O C R n , the Riesz capacity of O is defined by (see 

cap(0:, h°) := mf{||/||^ : / € 5, / > 0, /(*) > 1 if x G O}, 

where 5 is the Schwartz class of functions on R n . 

Let $ be a positive function on (0, oo), $(0) = 0. We define the classes of 
measures Cap* (hp) as follows: 

fi&Cap*(h^) iff fi(TO) -< $(cap(0;h%)), 

uniformly for all open sets O C R". 

Here the short notation X -< Y is used for the estimate X < cY. If X -< y 
and y -< X then we write X«Y! 

This definition is the analogue, for measures on the upper half-space and 
tents over sets, of a definition given by Maz'ya for measures and sets in R n (see 
Ch. 8 of also J3| f° r the original idea). Namely, define the class of Maz'ya 
measures, M*(hp), consisting of all positive measures v in R™ such that 

v(0)<<$>(cap(0;h a v )). 

Note that if v G M*(/i") and S e denotes the unit mass at some e > 0, then the 
measure (J, = v x S e on R™ +1 belongs to Cap* (hp), since 

v(TO) = u(O e ) < i/(0) -< <S>(cap(0; h$)), 

where O e — {x G O : dist(x, 90) > e}. 

The main goal of this paper is to give a more geometric characterization of 
the classes Cap* (hp) in terms of Carleson-type measures C* , defined as follows: 

H £ C* iff fi(TB r ) -< $(r), 

uniformly for all balls B r in R™ of radius r. For example, if <j>(r) = r"' 3 , [3 > 0, 
then O* is the class C" of (3— Carleson measures, as in (|1.2f) . 

We now state a typical result, proved in the paper. Suppose that $ is 
a function from [0, oo) onto itself which is equivalent to a strictly increasing 
function $, i.e. $ « $, and which satisfies the following conditions: 

$(0) = 0, $(cs) w $(s), c> 0, (1.3) 

(with constants which may depend on c), and for some (a,p), 1 < p < oo, 
< a < n/p, 

I 
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for all s > 0. 



(1.4) 



Then 

Cap^{h*) = if $«(«) = $(s^). (1.5) 

For example, if $(s) = s n,3 (l + | logs|) 7 , then <I> satisfies 111.30 and i|1.4[l for 

1 < p < oo, /3 > 1 — ap/n, < a < n/p, and all real 7. Note that if 7 > then 
$ is strictly increasing, and otherwise $ is equivalent to a strictly increasing 
function $. 

In proving l|1.5fl . we use the property 

cap(B r ; = cr"- Qp , 1 < p < n/a, (1.6) 
where c is the capacity of the unit ball. Hence the embedding 

Cap^(h;) C C* 1 <p < n/a, $ a («) = $((«/c)^), (1.7) 
is always true. 

In order to see the inverse embedding, we prove weak-type estimates for 
certain convolution operators of the form 

f~U, u( X ,t) = f*(f> t (x), (j> t (x)=t- n 4>{x/t), (1.8) 

for certain kernels 4>, when the domain is hp and the range is an appropriate 
Lorentz space in R™ +1 with respect to the measure [i G C*. These weak- type 
estimates are proved using an analogy with the technique applied by Adams (see 
Adams' proof of Theorem 2, Section 1.4.1 of ^2J) m proving sharp embeddings 
of hp into the Lebesgue space built-up over a positive measure in R n . Moreover, 
such type of estimates are important for applications (see (TT], JHI an d |17p. 
so we devote Section 5 to deriving the corresponding strong-type estimates. 
They are related to the problem of sharp embeddings. Because of the analogy 
between our classes of measures and Maz'ya measures, we can try to extend the 
embedding results (and methods) from to certain convolution operators of 
type (|1.8|l and measures fx G Cap® (hp*). 

For related embedding theorems in the case of measures on the unit ball in 
C n , see 0. 

2 Measures generated by homogeneous capaci- 
ties 

2.1 Riesz capacities 

The main result is the following theorem 

Theorem 2.1 Let the function $ satisfy conditions ]1.3\) and {!■$ ■ Then 

Cap*°(h?)=C* if<f> a (s) = $(s^). (2.1) 
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Proof. One embedding is given by l|1.7fl . To see the other, let /i £ C*. As it 
has been already explained, we are going to derive weak-type estimates for the 
convolution operator / i— ► u, u(x,t) — f * 4>t{x), where is a positive function 
such that (see [TT]') 

4>{x) < (l + |x|)-", (j> £ L 1 . (2.2) 
The proof follows the scheme of the proof of Lemma 3.2 in [TT]. For A > 0, 

let 

h{X)= l i{E x ), E x = {(x,t)eRl +1 :\f*<j> t (x)\>*}- ( 2 - 3 ) 
If / = R a g, g £ LP, then 

f*cj> t (x)= i)(t,x - z)g(z)dz, 
Jr.™ 

where 

1 p(t i z) = c(a,n) [ \y - z\ a - n Mv)dy, 



and according to Lemma 3.1 of 

ip(t,x) -< (t + \x\) a - n , < a < n. (2.4) 

Therefore 

Xh(X) -< I |/ * <j) t {x)W < I \g{z)\ I (t 2 + \x - z\ 2 )^dndz, 
whence (cf. ^I]> proof of Lemma 3.2) 

\h{\)< f r"— 1 f \g(z)\^(TB(z,r))dzdr, (2.5) 

JO JR.™ 

where [i\ is the restriction of (X to E\. 
Let 

Ti(s)= [ r"-"- 1 f \g(z)\fx x (TB(z,r))dzdr, 

JO JR" 



T 2 (s)= r"-"- 1 / \g(z)\fx x (TB(z,r))dzdr. 
We estimate Ti(s) for arbitrary s > 0. Using Holder's inequality, we get 

Ti(s) ^V"- 1 (J \g(z)\y x (TB(z,r))dz) * (/(r)) 1 " 1 ^ dr, 
where I{r) = J R „ fj,\(TB(z,r))dz. Since 



I( r ) = / / dp,dz = 

JR" JTB(z,r)nE x 



I ( 


[ dz) 




JB(x,r-t) J 
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and n € C*, we get 



2i(*H \\9\\Lp[h(X)] 1 - 1/p I r a - n /P^(r)-. (2.7) 



Analogously, now using the estimate (i\(TB(z,r)) < h(X), we derive 

T 2 {s) ~< \\g\\ L ph{\)s a - n/p if a < n/p, 1 < p < oo. (2.8) 
In this way, using also l|1.4|l . we have 

Xh(X) ~< \\f\\h ? {[h(\)} 1 - 1/p Ms)} 1/p s a ~ n / p + h(X)s a - n / p }. (2.9) 

Replacing, if necessary, <3> by an equivalent strictly increasing function $ in 
Il2.9|l . we can choose s > such that <&(s) = h(X). Then 

a^cma))]" 7 ^^!!/!^, (2.io) 

which is the desired weak-type estimate. 

Next we prove that l|2.10|l implies [i e Cap^ a (h p ). Let O C R™ be an open 
set and let / e S, f > 0, / > 1 on O. If (x, t) e TO, then B(x, t) C O, hence 

f*<j)t(x)= / f(z)4> t (x — z)dz > I 4> t {x - z)dz = I 4>{z)dz. 

JR n JB(x,t) J{z:\z\<l} 

Therefore, 



TO C {(x, t):f* Mx) >d 4> := / cj>(z)dz}. 

J{z:\z\<l} 

Thus 

/i(TO) ~< h(d^). (2.11) 

On the other hand, the above / can be chosen so that ||/||^c, < 2cap(0; hp). 
Then (flTTO)) gives 

[<$-\h{d^))] n - ap <cap{0-h a p ), (2.12) 
which together with i|1.3[l implies 

h{d^)<<$>([cap{0;h a p )]^). (2.13) 

Note that if we used the equivalent strictly increasing function $ instead of <E> 
in H2.10fl . we can now go back to using <E> on the right-hand-side. Combining 
H2.11f> and (|2.13|) gives the desired conclusion: 

fi(TO) < <$> a {cap{0;h a p )), $ Q (s) = $(s^). 
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2.2 Homogeneous Sobolev capacities 

The homogeneous Sobolev spaces, W™, 1 < p < oo, to— positive integer, are 
defined as the closure of C(j°— functions on R" with respect to the norm 

ll/IL- = E \\D*fh>- 

| k\— m 

As in the previous subsection we can define the homogeneous Sobolev capacities 
cap(0-w™) = M{\\f\\ p w? : f eS, f > 0, f(x) > 1 if x G O}, 

and the classes of measures Cap*(u;™), 

li G Cap*(w™) iff fi(TO) ~< $(cap(0; 
Then Theorem 12.11 implies the following 

Corollary 2.2 Let $ satisfy the conditions fl.yp and If 1 < p < n/m, 

or p — 1 and to < n is even, then 

Cap*™«) = C*, $ m (s) = *(«s=W). (2.14) 
Indeed, using the Fourier transform J 7 , defined on functions / G L 1 (R n ) by 

one can write the Riesz potential of a function g G <S(R n ) as 

i? Q 3 = ^- i (ier Q ^ 5 ), 

while the partial derivatives of / G <S(R n ) are given by 

d 3 f = T- 1 (it; 3 Tf). 

If to is an even integer, and / = R m g, we have 

g = F-wtrrf) = ^((E^r^-m 

which leads to the inclusion w™ C /i™, p > 1. 

This containment and the opposite one for any integer m and 1 < p < oo, 
follows from the fact that for this range of p the Riesz transforms TZj, 1 < j < n, 
defined (for g G 5(R n )) by 

extend to bounded operators from L p to L p . If / = R m g, m an odd integer, 
then 
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which gives again iu™ C HT" for 1 < p < oo. 

For the converse, note that for any integer m, if / = i? m g with 5 € L P (R") 
and k is a multi-index with \n\ — m, we get 

D * / = rl (^) = (Rl,% ^ 6i 'C [lB )> Kp<co. 

Thus if 1 < p < n/m, then = /i™ and (|2.14|) follows from Theorem I2~T1 
If p = 1 and m is even then tu™ C /i™ , hence 

C* = Cap*'"^) C Cap*'"« l ). 

Finally, since 

cap(B r ;w?) = cr n - m , 

we have 

Cap* m (w?) C C*. 
2.3 Homogeneous Besov capacities 

We can define the homogeneous Besov spaces, 6° , a>0, l<p<oo, 0<(7< 
00, by interpolation: 

= 0<a<m, (2.15) 

where (■, -^.q stands for the real interpolation method (see, for example, UJ). 
For any open set O C R n , the homogeneous Besov capacity of O is defined 

by 

cap(0;b« q ) = inf{||/||£ Q : / G S, f > 0, /(*) > 1 if x e O}, 
and the classes of measures C*(6p ? ) by 

fi 6 C*(6£ g ) iff fi(TO) -< <5>(cap{0; uniformly for all open sets O C R™. 

Theorem 2.3 Let the function $ satisfy conditions and \l-4\j . Then 

Cap* a (b% tq ) = C* ifKp < n/a, < q < 00, $ Q (s) = $(s^). (2.16) 
Proof. Since 

cap{B r ; 6« ff ) = cr"- Qp , I < p < n/a, 
where c = cap(B\ \ b^ q ), we have the embedding 

CaP*"(PZ,) C C* if 1 < p < n/a and $ Q (s) = $((s/c)^), 
for any <f> > 0. 

To see the inverse, we use the weak-type estimate l|2.10[) for S C* and real 
interpolation for fixed p > 1 and Since (0, Theorem 6.3.1), 

(/ipS/ip 2 )e, 9 = Kp < 00, < g < 00, a = (1 - 0)ai +6»a 2 , < < 1, 



we derive from (|2.1U|) . 

A[$- 1 (MA))] n/p " -(||/|| % ,. (2.17) 

Note that if we had to use the equivalent strictly increasing function $ instead 
of <£> in (|2.1U|) . we would now have $ _1 in (|2.17|) . As at the end of the proof of 
Theorem HOI we conclude that (|2~T7|) implies [i e Cap*" ■ 

Theorem 2.4 (Case b" q ) Let the function $ satisfy conditions and 

iM)"'^(«)"', 1/r=1 _„ /M<0<n , (2 , 8) 

Then 

Cap*<>(b? i9 )=C*, *„(*) = *(«^)- (2-19) 
Note that l(2~T£f implies fP|) if p = 1. 

Proof. If /i G C*, f E L r , and $ satisfies 1(2.18(1 . then the same proof as that 
of Theorem l2. II f formally taking a = 0), and again replacing $ by an equivalent 
strictly increasing function if necessary, shows that 

\($- 1 (h(\))) n/r *\\fh', l<r<oo. 
We can interpolate this inequality, hence 

A ($- 1 (/i(A))) n/r ~< ||/||£r.„ 1< r < oo,0 < 9 < oo, 

where L r ' q is the Lorentz space (see j^])- 
Since we have the embedding 

b°i q C L' %9 , 1/r = 1 - a/n,0 < a < n, 

we get 

A ($ _1 (/i(A))) n/,r -< (2.20) 

i.e. the estimate (12.17(1 for p = 1. As before, we conclude from ((2. 20(1 that 
/i £ Cap®" (bf q ). m 

Remark 2.5 The same proofs as those of Theorems \2.1\ and \2.S\ show the fol- 
lowing embeddings for a larger classes of functions Namely, let satisfy fi.ffi 
and let 

F(s) := s (j' C^-) 1/P ^) ,1<P< n/a, = $( s ^). (2.21) 



Then 
and 



C* cCap F (h%)l<p<n/a (2.22) 
C* C Cap F {b« q ) Kp< n/a. (2.23) 



For example, if = w"- Qp (l + |logu|)T, 7 < -p, then F(s) « s(l 

logs|)T+f. 
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3 Measures generated by inhomogeneous capac- 
ities 

3.1 Bessel capacities 

We first recall the definition of the Bessel potential spaces, H™, < a < n, 
1 < p < oo (see 0, [T2]). We say that / e iff / = G a * g, g € T p , and the 
norm is given by ||/||_ffa = |M|lj>, where G a is the Bessel kernel 

G a {x) = |a;| (Q " ,l)/2 ^^(|x|), 

and K is the modified Bessel function of third kind: 



K^{\x\) = c|^r 1/2 e- |a;| / e~ u u^ 1 {l + ^-\ du. 

Jo V 2 fI/ 

In particular, we have the global estimate 

G a (x) -< e -W(l+ \x\ a - n ). (3.1) 
For any open set O C R™, wc define its Bessel capacity by 

cap(0;H«) = mf{\\f\\ p H? : / 6 S, / > 0, /(x) > 1 if x e O}. 
For example (see |2]), 

cap{B r ; H") w r"~ Qp if < r < 1, < a < n/p, 1 < p < oo (3.2) 

and 

cap{B r ; H%) w r™ if r > 1, < a < n/p, 1 < p < oo. (3.3) 
The classes of measures Cap® (H^) are defined as follows: 

fx G Cap*(H£) iff //(TO) -< $(cap(0;^)), 

uniformly for all open sets O C R™. 

Our main result in the nonhomogeneous context is the following theorem. 

Theorem 3.1 Let ^ be a function from [0,oo) onto itself which is equivalent 
to a strictly increasing function and satisfies condition as well as 



for every s > 0. Set 

^(s)-( * {sn ~ aP) J /°< s<1 < f 35 ) 

V W- \ ifs>\. {6 - b) 

Then 

Cap*(H*) = C* Q , 1< p < n/a. (3.6) 
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Proof. Using l|3.2|) . 1)3. 3[) . we obtain the embedding 

Cap*{H*) cC r , 1 <p < n/a. (3.7) 
Conversely, assume /i € G* . As in the proof of Theorem 12.11 we can write 

Xh(X) -< / \f * 4> t (x)\dfj, -< / / |ff(z)|G Q * 0t(a; - z)d^i x dz. (3.8) 

We need the estimate 

G a * </>t(x) -< mm{{t + \x\) a - n , (t + \x\)~ n }, (3.9) 

if <j) is a non-negative smooth function with compact support in the unit ball, 
and d<p := J Rn <p(x)dx > 0. 

The first estimate is a consequence of G a (x) ~< la;)" - ™ and (|2.4[l . To prove 
the second estimate, we use the properties G a £ L 1 and $ t ~< t~ n . This gives 
G Q * (f> t (x) -< t~ n , or 

G a * t (x) -< (i + \x\y n if |x| < It. (3.10) 

If |ar| > 2t and y € support of <pt (hence \y\ < t), then \x\+t -< |x|/2 < |x— y|. 
Therefore <|3.1[l implies 

G Q * t (z) -< C N f \x- y\~ N {l + \x- y\ a - n )Mv)dy, 

JR" 

or 

G a * (f> t (x) -<(t+ \x\y n if |x| > It. (3.11) 

In estimating h(X), we consider two cases. We assume that is strictly 
increasing, otherwise we replace it by a strictly increasing function with \1/ m 

i. 

Case 1: /i(A) < ^(1). In this case we apply the first estimate in (|3.9() . Thus 
we get (|2.5H so we can argue as in the proof of Theorem 12.11 We take s < 1 
so that in estimate (|2.7f) for Ti(s) we can use the fact that (i\(TB(x,r)) < 
$(r n ~ ap ). With the change of variable r n ~ ap >— ► r (note a < n/p), and using 
Q3.4JI. we get 

Xh(X) ~< \\f\\H*{s- 1/p [m\ 1/p [hW] 1 - 1/p + s- 1/p h(X)}. (3.12) 

Since h(X) < ^(1), and we are assuming iff is strictly increasing, we can choose 
s < 1 such that \&(s) = /i(A). In this case we get 

A^WA))] 1 ^/^. (3-13) 

Case 2: /i(A) > VE'(I). Here we can assume s > 1. We start with l|3.8|l and 
write 

A/i(A) ~< I + 11 + III, (3.14) 
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where 



1=1 I \g(z)\G a * 4> t (x - z)d(j,\dz, 

JR" J {(x,t):\x-z\+t<l/2} 

11= / \g(z)\G a * (j> t (x - z)dfj,\dz, 

JR" J {(x,t):l/2<\x-z\+t<s/2) 



111= I I \g(z)\G a * 4>t{x — z)d(j,\dz, 1 -< s. 

JR" J {(x ,t):\x- z\+t> s /2} 

The first integral can be estimated in the same way as Ti(so) for some 
constant sq, so that (|2.7[) simplifies to 

I^WfU-lKX)] 1 - 1 '*. (3.15) 
To estimate II, we use the second bound in (|3.9[1 . whence 



IK / \g(z)\[p(x - z,t)]- n d» x dz, 

JR" J{(a;,t):l/2< / 3(a:-z,t)<s/2} 

where p(x,t) :— \x\ + t. Since 

p- n -< / r""" 1 ^ if p < s/2, 
now we have, instead of l|2.5|l . 

IK f r- n - 1 f fj, x (TB(z,r))dzdr. 

J 1/2 JR" 

Arguing as before and using /j,(TB(z,r)) -< \J/ Q (r) -< ^(r™) if r > 1/2 (by 
definition (|3.5|l and property l|1.3|l for we get 

II^\\f\\H° I r- n ^- 1 ^(r n ) 1 ^dr[h{X)} 1 ~ 1 / p . 



Again changing variables r n i— > r, and using i|3.4[l . we obtain 

^ ^ ll/ll^s- 1 ^^^)]^^^)] 1 - 1 ^. (3.16) 

Analogously, 

III < [ r~ n - x [ nx(TB( Zl r))dzdr, 

Js/2 Jr" 

and using n\(TB(z, r)) < h(X) we get, as before (also changing variables r™ i— > 

r), 

m -< H/H^s-Vp^A). (3.17) 

Unifying (|3~TIjl . (|3~15|) . lj3~TBj) and (|3~T7|) . we get l|3~T2l for s > 1 as well. Since 
now h(X) > ^(1), and again assuming we've replaced if necessary, by an 
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equivalent strictly increasing function, we can choose s > 1 to solve the equation 
$f(s) = h(X), and therefore l|3.13[) holds in this case as well. 

In order to prove that l|3.13|l implies fi G Cap 11 (Hp), we start with (|2.11|) . 
Analogously to l|2.12[l . we derive from l|3.13|l that 

■*-\h{d^))<cap{0-H«). 
Together with (|2~TT|) this means that fi £ Cap* (Hp. 

3.2 Inhomogeneous Sobolev capacities 

If a = m is integer and 1 < p < oo, then H™ = W™ 
norm 

k|<t?i 

As in the homogeneous case, this can be seen via the Fourier transform, since 
the Bessel potential / = G m * g can be written as 

/ = ^- 1 ((l + |e| 2 )~ m/2 ^ 5 ), (3-18) 

and the operators defined by the Fourier multipliers ^ 1+ ^ 2 ^ m /2 > l K l < m i are 
bounded on L P (R") for 1 < p < oo (see also [H], Ch. V, Theorem 3.3). When 
p = 1 and m is even, (|3.18|l shows 

W ra c gm (3 lg ) 

but this inclusion fails for m odd, and equality does not hold (see jTl], Ch. V, 
Section 6.6). 

By definition, for any open set O C R", 

cap(0; Wp = inf{||/[[^ m : / G S, f > 0, f(x) > 1 if x G O}, 

and 

fx G CapziWp iS(i(TO) -< *(cqp(0; WJ")), 

uniformly for all open sets O C R™. 

Theorem 13. II implies the following corollary. 

Corollary 3.2 Letm be an integer less than n. With ^ and ^ m as in Theorem 
we have 

Cap i '{W™)=C' i ' m (3.20) 
/or 1 < p < n/m or p = 1 and m even. 

Proof. If Kp < n/m then = H™ and (|3~2U|) follows from Theorem IO. 
If p = 1 and m is even then the inclusion (|3.19() implies 

C* m = Cap*(H™) c Cap*(W™). (3.21) 



- the Sobolev space with 
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On the other hand, for m < n we have 

cap{B r ; W?) -< r n ~ m if < r < 1 

and 

cap(B r ;W™) <r n iir > 1. 

Therefore, 

Cop*(Wn C C*"\ 1 < m < n. (3.22) 
Combining (j!HT)) and (|3~22|) gives {3~2"UJl. ■ 

3.3 Inhomogeneous Besov capacities 

We can define the inhomogeneous Besov spaces, Sp g , a>0,l<p<oc, 
< g < oo, by interpolation: 

:= (LP, W; n ) a/m . q , 0<a<m. (3.23) 

We need the following formula (see [H]) 

Bp, g = iH^,H^) e , q , a = {1 - 6) ai + 0a 2 , Kp<oo, 0<g<oo. (3.24) 

For any open set O C R" the inhomogeneous Besov capacity of O is defined 

by 

cap(0;B° q ) = inf{||/||* a : / G 5, / > 0, /(i) > 1 if x £ 0} 
and the classes of measures C^(B^ ) as follows: 

MGC*^) iff /i(rO)^$(cap(0;B°,)), 
uniformly for all open sets O C R™. 

Theorem 3.3 Let Q be a function from [0, oo) onto itself which is equivalent 
to a strictly increasing function, and satisfies condition fl.Hp . For < a < n/p 
and 1 < p < oo, assume ft satisfies condition \1.J$ whenever < s < 1, while 
when s > 1 it satisfies 

n(u)\ 1/p du fn( s )\ 1/p , „ n . . ,„ OK . 

— — < — — and s" -< n(s). (3.25) 

u™ / u V s ™/ 

XTien /or < q < oo, 

Ca P n «(B° q ) = C n , (3.26) 

where 

= ( fJT 1 ' (3-27) 
I S2(s" ) «/s > 1. 
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For example, with (3q > 1 — ap/n and /3\ > 1, we can take 

r s ^o ( i + |i ogs |)7o if o < * < i, r , 

S »/3i (1 + | log S | )7i if S >l. 

Proof. Let *(s) = Q. a (s). Then * Q (s) = fi(s), where * Q is defined by 
Moreover, \I/ satisfies (|3.4|) and l|1.3[) . and if fi « fi for some strictly increas- 
ing function f2, then VE 1 is equivalent to the strictly increasing function f£ Q . 
Therefore, with /i E C°, we have the estimate (|3.13fl . This estimate can be 
interpolated for fixed fl and p. Using i|3.24[l , we derive from l|3.13fl 

\[*-HhW)] 1/P *Wf\\B;, t - (3-29) 

From H3.29fl . it follows as before that /i € Cap* (B£ q ), i.e. 

C n cCap n «(B« q ). 

To see the inverse inclusion, we notice that for < a < n/p, cap(B r ; B^ q ) -< 
r n- ap if o < r < 1 and cap(B r ; B£ q ) -< r" if r > 1. Hence 

Cap n «(B« q )cC n . 



4 Relation with Hausdorff capacities 

For any open set O C R" and any positive increasing function w on (0,oo), 
define the (w-) Hausdorff capacity of O by 

A~(0)=inf5>(r,), 

where the infimum is taken over all coverings of O by countable unions of balls 
of radii r_y, O C UB rj . In particular, 

A^W < «»(r). (4.1) 

If w(r) — r d , d > 0, this is the d-dimensional Hausdorff capacity (or Haus- 
dorff content) as defined by Adams (see P), and we write A^° instead of A^. 
Since the set function O i— ► cap(0; h^) is countably subadditive (see p. 26), 
we see that 

cap(0- hf) < A~ Qp (0), K p < n/a. (4.2) 

The inverse inequality can not be true uniformly for all open sets O (see 
p. 148). Using the Hausdorff capacities, we can define classes of positive 
measures Cap*(A^) in R™ +1 as follows: 

H G Cap*{k™) iff p(TO) -< *(A£(0)), 
uniformly for all open sets O C R™. 
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Theorem 4.1 Let the function $ be equivalent to a strictly increasing function 
and satisfy conditions and Then 

Cap*°(A™_ ap ) = Ca P ^{h a p ) = C* if<S> a {s) = $( S ^F). (4.3) 
Proof. From (|4.2[1 we derive the embedding 

Cap^(h«) c Cap*«(A£_ op ), 1< p < n/a, 
and using (|4.1() we see that 

Cap*«(A£_ ap ) C C* * a («) = $( S ^). 

It remains to apply Theorem 12. II ■ 

Note that the equality Cap*" (A£°_ ap ) = C* for $(r) = r"~ Q P is just 
Lemma 1 1 . 1 1 with (3=1 — ap/n. 

Analogously, for Bessel capacities we have 

ca P (0;H^) < A£(0), Kp < n/a, (4.4) 
where w a (r) = r n ~ ap if < r < 1, and w a (r) = r n if r > 1. 
Theorem 4.2 Lei i/ie function satisfy conditions \ l.ty) and Then 

Cap*(A™J = Cap^iH") = C*" if^ a = Vow a . (4.5) 
Proof. From (|4.4|l it follows that 

Cap*(ff«)cCap*(A~), 

and using lj4.1|) we derive 

Cap* (A^J c C*°. 
It remains to apply Theorem 13. II ■ 

5 Related convolution operators 

Here we prove strong type estimates for the convolution operators l|1.8f) . Let <f> 
be positive function on R™, satisfying the following condition (see JS], Chapter 
II, Section 2.4): 

(j) has a non-increasing radial majorant that is integrable and bounded. (5.1) 

For any positive strictly increasing function $ on (0, oo) and any positive 
measure fi on R+ +1 , let A^*- 1 ), 1 < p < oo, denote the Lorentz space on 
R™ +1 , consisting of all measurable functions F(x,t) such that 

/ fOO \ 1/p 

!%»->)= $~ 1 (h(\))dX p J <oo, 
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where h(X) := n{(x,t) : \F(x,t)\ > A}. If «3> is not strictly increasing but only 
equivalent to a strictly increasing function $, we replace Q^ 1 by $ _1 in the 
above definition (where the size of the norm may depend on the choice $), but 
for the sake of simplicity we keep the same notation. 

Theorem 5.1 Let <fi satisfy 1)5.1)) and let $ be as above and satisfy Ql.ijp . If 
fi G Cap® (hp), then 

11/ * &IIa»(»-i) -< \\f\\h«, Kp< n/a. (5.2) 

Conversely, the estimate 1)5. $2)1 implies [i G Cap® (hp). 

Proof. We start with i|2.3|) and use the relation (see |15j ) 

h(X) -< n(T{x : Mf(x) > cA}), (5.3) 

where M is the Hardy-Littlewood maximal function and c is a positive constant 
depending on <j). 

If n G Cap*(ft£), then |Q implies 

$ _1 (ft(A)) -< cap({a; : M/(a?) > cA}; ft"). (5.4) 

Hence 

/>oo />oo 

$- x (ft(A))dAf -< / cap({x : M/(s) > cA}; ft«)dV. (5.5) 
Jo 

It remains to apply Dahlberg's estimate (see J2])- ■ 

As a consequence of Theorems 12.11 and 15.11 we get (see also , where the 
case $(s) = s nl3 , (3 > 1 — an/p is covered) 

Corollary 5.2 Let <f> satisfy 15.1)) and let $ satisfy \1J1)) and \1.J$ . If fi G C*° , 

$ Q (s) = $(s"~ Q P), 1< p < n/a, then 

II/^IIa^-^II/IU- (5-6) 

Theorem 5.3 Le£ satisfy )5.1)) and let $ satisfy fl.Sjj) . If fx G Cap® (b™ ), 
iften 

11/ * ^tllA^c*- 1 ) 6 ) -< ll/lk?,^ 1 < p < n / a > i < g < oo, (5.7) 

where 

a = max{p, q}, b — max{l, q/p}. (5-8) 
Conversely, the estimate \5. 7| ) implies [i G Cap*(6p ). 

Proof. For G Cap® (bp ) we have, analogously to i|5.5|). 

[$ _1 (ft(A))] 6 dA a -< / [cap({x : Mf(x) > cX};b^ q )] b dX a . 
Jo 

Applying Corollary 1 of |3j and Lemma 4.1 of ^7], we get l|5.7|) . ■ 

As a consequence of Theorems 12.31 and 15.31 we get (see also 
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Corollary 5.4 Let 4> satisfy $5.1)) and let $ satisfy {Q|) and If fi £ C*°, 

$ Q (s) = $(s"- q p), 1< p < n/a, i/ien 

ll/*^t||A»((»-i)») -< II/II^.j ( 5 - 9 ) 

where a, b are defined by $5.8p . 

Using Theorems l5.ll and l5.3l and Remark l2.5l we have the following estimates 
for a larger classes of functions $. 

Corollary 5.5 Lei <f> satisfy $5.1}) and let $ satisfy $1.3)) . If fi £ C*, i/ien 

11/ * &IIa*(f-i) -< H/IU-, K P < n/a (5.10) 

and 

l|/*0t|U S ((F-^) ■< \\f\\b ?tq , (5.H) 
where a, b are defined by $5. #)) and _F is given by 12.21)) . 

The results of Theorem 15.31 and Corollarv l5.4l for q < p are not sharp in the 
sense that the range space can be taken smaller in general. To see this, we are 
going to use a slightly different approach. 

We need classes of measures V"*, generated by the Lebesgue measure in R™. 
as follows: 

H £ V* iff/x(TO) -4 $(|0| 1/n )), 

uniformly for all open sets O C R", where \0\ is the Lebesgue measure of O. 
Using the embedding 

b% q C L r ' q , l/r = l/p- a/n, < a < n/p, 1 < p < oo, 0< g < oo (5.12) 
where L r ' q is the Lorentz space (see |H]), we see that 

{Ol 1 -^ < cap(0;b^). 
In particular, if <E> satisfies (jl.3|) . then 

U* C Cap*" (b° q ) C C* = $(s"- Qp ). (5.13) 

Theorem 5.6 Let <p satisfy $5.1)) and let $ satisfy $1.3)) . If \i £ V , then 

11/ * 0t|lAj((*- 1 )"/") ■< Wfhr-i, Kr<oo,0<g<oo. (5.14) 
Conversely, the estimate \5.1$ implies [i £ V*. 
Proof. Starting with (|5.3|l . we get 

h(X) -< $(\{x : Mf(x) > cA}| 1/n ). 

Hence 

II/*^IIaji((*-i)-/o -< WMfh™ -< \\f\\ L r,«. 

Choosing / to be the characteristic function of the set O, we derive as before 
that the estimate (|5.14|l implies fi £ V*. (see also [T^], Chapter II, Section 5.9, 
where the case $(s) = s™' 3 , /3 > is considered.) ■ 

As a consequence we get 
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Corollary 5.7 Let <p satisfy $5.1)) and let $ satisfy \ 1.3)) and let /i € V . Then 

11/ * 0*IIa»((*-i)«/p) ~< ll/llb?,,' 1 ^ P < n / a > < g < oo. (5.15) 
Corollary 5.8 Let <j> satisfy $5.1}) and let $ satisfy $1.3)) . \l-4\l and 

$3«(tj /n )-!*((x; t i) i/n )' ^>°- ( 5 - ie ) 

J//i6 C*«, $ Q (s) = $(s"- q p), 1 <p < n/a, i/iera 

ll/*<£t||A*((*-i)*/»>) -< ll/ll&« 9 - (5- 1 7) 

Before proving this result, note that the function $(s) = s n/5 log 7 (l + s), 
/3 > 1) 7 > 0, satisfies the conditions (|1.3[) . (|1.4|l . (|5.16[) . Moreover, if /3 > 1, 
then we can take 7 to be any real number. Indeed, let us check (|5.16|) for 
(3 > 1. Choose e > such that (3 — e/n > 1, and notice that the function 
W n log 7 (l + s 1 /™) is equivalent to an increasing function, therefore 

^"log 7 (l + ^") -< (^^) e/ "log 7 (l + (E^) 1/n ), 

and then 

£^ e/ri tf i°g 7 (i +t)' n ) -< E^GT^y/'Mog-a + (^) 1/n ) 

^(]>>)^log 7 (l + £>) lA! )- 
To prove Corollary 15. 81 we notice that as in |15|. we have 

= . f $ gatisfies ^ J^J^ 18 ) 

It remains to apply Theorem 15.61 the embeddings H5.12J1 and H5.13[l . and the 
relation l|5.18|l . 

6 Negative results 

Theorem 6.1 Let the continuous function $ satisfy 1) 1.3)) and let 

50, 1 < p < n/a. (6-1) 
Then 

Cap*"(h%) ± C* * a («) = $( s ^). (6.2) 

Proof. The condition (|6.1|l and Theorem 5.4.2 of [2] imply the existence of a 
compact K C R" such that A$(-£sT) > and 

cap(K; h%) = cap{K; H") = 0. (6.3) 
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By Theorem 5.1.12 of [2], there exists a positive measure v £ M*(/i"), such 
that \i = v x St £ C* and v(K) w A$(if). In particular, 

i/(iT) > 0. (6.4) 

Suppose that p £ Cap® a ( hp). Then by Theorem 15.11 where $ is replaced by 
$ Q , we have the estimate l|5.2fl. For any open set O D K, let / £ S be such 
that ||/||£ Q < 2cap(0;h%). Then by jUJ and l(5~3)l. 

i/(0) -< fc(d*) -< * a (cap(0;/£)). 

Taking the monotone limit O i— > AT, we get ^(if) < 0, which contradicts 16.41) . 
■ 

For example, if = u n ~ ap (l+ logu|) 7 , -y+p-1 > 0, 1 < p < n/a, then 
<& a (it) « u(l + | logw|) 7 and Cap® a (h") C C*, but these spaces are different. 
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